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Abstract. In this paper, we study the characteristic scale of transition to cosmic homogene-
ity of the universe, RH , as a standard ruler, to constrain cosmological parameters on mock
galaxy catalogues. We use mock galaxy catalogues that simulate the CMASS galaxy sample
of the BOSS survey in the redshift range 0.43 ≤ z ≤ 0.7. In each redshift bin we obtain the
homogeneity scale, defined as the scale at which the universe becomes homogeneous to 1%, i.e.
D2(RH) = 2.97. With a simple Fisher analysis, we find that the performance of measuring
the cosmological parameters with either the position of the BAO peak or the homogeneity
scale is comparable. We show that RH has a dependence on the galaxy bias. If the accuracy
and precision of this bias is achieved to 1%, as expected for future surveys, then RH is a
competitive standard ruler.
Keywords: Cosmology, cosmometry, standard ruler, homogeneity, fractal dimension, obser-
vations, large scale structures, gravity, dark energy, ΛCDMa
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1 Introduction
The standard model of cosmology, known as flat ΛCDM , describes a Universe mainly com-
posed of Cold Dark Matter (CDM) and a cosmological constant Λ. The two main assumptions
of this model are the validity of General Relativity as an accurate description of gravity and
the Cosmological Principle (Ellis [1]) that states that the Universe is isotropic and homoge-
neous on large enough scales. This model shows excellent agreement with current data, be it
from type Ia supernovae (Perlmutter et al. [2], Riess et al. [3], Betoule et al. [4], DES Collab-
oration et al. [5]), temperature and polarisation anisotropies in the Cosmic Microwave Back-
ground (Aghanim et al. [6]) or Large Scale Structure Clustering (Percival et al. [7], Parkinson
et al. [8], Heymans et al. [9], Aubourg et al. [10], Alam et al. [11]).
In Ntelis et al. [12] (henceforth N17), we studied the characteristic scale of transition
to cosmic homogeneity of the universe, the homogeneity scale, assuming the standard model
of cosmology. Historically, the concept of homogeneity in the large scale structure of the
Universe can be traced back to Newton [13]. In the modern era, Martínez et al. [14] were the
first to measure the homogeneity scale in the sky, suggesting a homogeneity scale larger than
100 h−1Mpc. Since then, several methods have been developed to study the homogeneity
scale [14–25]. In this work, we follow the method first proposed by Scrimgeour et al. [23]
and further developed by N17. However, what we really measure in these studies is the
combination between the volume distance in the fiducial cosmology and a characteristic scale,
similar to BAO studies (Rich [26]). Therefore, we will present the results from N17 divided
by the volume distance in the fiducial cosmology.
Objects with a characteristic luminosity, such as type Ia supernovae, can be used as
standard candles to probe cosmology (Perlmutter et al. [2], Riess et al. [3], Betoule et al.
[4]). Likewise, characteristic scales in the statistics of the clustering of galaxies, such as the
position of the BAO peak (Eisenstein et al. [27]) can be used as standard rulers. Standard
rulers are important in cosmology since they allow us to measure cosmological distances as
a function of redshift. The relationship between distance and redshift is dictated by the rate
of cosmic expansion and curvature. Thus, by studying standard rulers, we can improve upon
our understanding of cosmology.
In this paper, we perform a proof of concept study. Using mock galaxy catalogues,
we demonstrate that the homogeneity scale can be used as a standard ruler to constrain
cosmology. We define the homogeneity scale as the scale at which the galaxy distribution is
homogeneous to 1%, according to its fractal properties. A full definition of what we mean by
"homogeneous" is given in section 3.
This document is structured as follows: In section 2, we describe the mock galaxy
catalogues. In section 3, we describe the use of the homogeneity scale as a standard ruler
and we compare it with the BAO standard ruler, i.e. the position of the BAO peak. In
section 4, we explain how we can extract cosmological information from this new standard
ruler. Finally, in section 5, we discuss our conclusions.
2 Mock galaxy catalogues
In this study, we use 1000 Quick Particle Mesh (QPM) mock galaxy catalogues (White et al.
[28]) designed to simulate the CMASS galaxy sample of the Baryon Oscillation Spectroscopy
Survey (BOSS) [29–31]. Each mock catalogue has a sky coverage of 10, 400 deg2. Objects
were selected following the CMASS colour cuts described in Reid et al. [32]. We selected
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objects in the redshift range of 0.43 < z < 0.7. For this study, we used only the North
Galactic Cap (NGC). The NGC has a larger area compared with the South Galactic Cap
which allows us to measure our observable more precisely, as we have shown in N17. NGC
has an area ∼ 7000 deg2. The flat ΛCDM cosmology used to obtain these catalogues is given
by:
pF = (h, ωb, ωcdm, ns, ln
[
1010As
]
,Ωk) = (0.7, 0.0225, 0.11172, 0.95, 3.077, 0.0) . (2.1)
where h = H0/[100 km s−1 Mpc−1] is the dimensionless Hubble constant with H0
the Hubble constant, ωb = Ωbh2, is the reduced baryon density ratio, ωcdm = Ωcdmh2 is
the reduced cold dark matter density ratio, ns the spectral index, As the amplitude of the
primordial scalar power spectrum and Ωk is the curvature density ratio. In this framework,
the Dark Energy density ratio is defined via ΩΛ = 1−Ωm−Ωk, where Ωm is the total matter
density ratio.
This defines the fiducial cosmology1, that we are using, to convert the z,R.A.,Dec2
information in the catalogue, into comoving coordinates, using the comoving distance relation,
see appendix A. This gives an effective volume of Veff ' 3 h−3Gpc3, for the entire survey.
However, this fiducial cosmology biases the RfidH towards itself. Therefore, we need to correct
for this effect as we explain in section 4.2. Note that a simple extension of this cosmology is
a time varying Dark Energy density ratio, parametrized by w. This extension allows us to
investigate models of modified gravity [33, 34] and we explore this extension in section 4.1.
3 Methodology
In this section, we describe how we can use the homogeneity scale, RH , as a standard ruler.
Following N17 (and Scrimgeour et al. [23]), we use the fractal dimension, D2(r), as a metric of
homogeneity and estimate this in the mock galaxy catalogues. Our observable is the fractal
dimension. The fractal dimension is related to the counts-in-spheres N(< r) according to
N(< r) ∝ rD2 . For a completely homogeneous distribution D2 = 3. While for a fractal
distribution, it deviates from this value. Our observable is related to the two-point correlation
function according to:
D2(r) = 3 + d ln
d ln r
[
1 +
3
r3
∫ r
0
ξ(s)s2ds
]
, (3.1)
where ξ(s) is the usual two-point correlation function that it is used in large scale structure
studies3. Now we are able to construct a standard ruler according to a characteristic scale of
homogeneity, as:
D2(RH) = 2.97 . (3.2)
This defines the scale at which the Universe becomes homogeneous to within 1%.
We use the perturbed einstein-boltzman equations (implemented in CLASS(Blas et al.
[35]), which includes implicit assumption on the primordial power spectrum and the matter
transfer function) to compute the theoretical matter power spectrum, P (k), for our fiducial
cosmology. Applying a fourier transform, we get ξ(r). Then using Eq. 3.1 and Eq. 3.2, we
compute the fractal dimension and the homogeneity scale, respectively.
1This fiducial cosmology is in agreement with Aghanim et al. [6]
2 The R.A. and Dec are the abbreviations of Right Ascension and Declination measured in degrees.
3This observable is calculated using a publicly available code https://github.com/lontelis/cosmopit
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We extracted the homogeneity scale, RH and the position of the BAO peak, RBAO,
from the same mock galaxy catalogues for comparison purposes. We studied the homogeneity
scale using the galaxy distribution rather than the total matter distribution. Therefore, we
need to take into account the bias in the final analysis as we explain in section 4.2.
RfidH /dfidV dfidV [h−1Mpc]
0.430− 0.484 0.108± 0.007 1165
0.484− 0.538 0.094± 0.005 1275
0.538− 0.592 0.089± 0.005 1381
0.592− 0.646 0.083± 0.005 1482
0.646− 0.700 0.082± 0.005 1577
Table 1. Mean and standard deviation of the normalised homogeneity scale, RfidH /dfidV , as a
function of redshift, z, for the galaxy distributions in the north galactic cap (NGC), for the 1000
QPM mock catalogues, as explained in section 3.1. The last column is the fiducial volume distance,
dfidV appendix A.
3.1 Estimation of RH and RBAO
We first used the Landy & Szalay estimator [36] to measure the two-point correlation function
in the mock galaxy catalogues. Then in the range of r = [40, 180]h−1Mpc, we fitted the two
point correlation function around the position of the BAO peak, following Anderson et al.
[37], see appendix B.
Using Eq. 3.1, we integrated the two point correlation function and we obtained the
fractal dimension as a function of scale. To estimate the homogeneity scale, we fit a spline
function to D2 (Eq. 3.1) over the range r = [90, 200]h−1Mpc. Using the definition in Eq. 3.2,
we then obtained the homogeneity scale, RfidH in the fiducial cosmology 4. We took the
values of RfidH , in the redshift range 0.430 < z < 0.700 from N17. However, these values are
measured using the fiducial cosmology. Therefore we note the values with the normalisation
according to the volume distance, dV (see appendix A). We show the results in table 1.
In Ntelis [33], we have shown that the homogeneity scale has no dependence on the
observational systematic effects of our survey.
3.2 Correlation of RH −RBAO estimates
In this section, we study the correlation coefficient between the estimate of the Homogeneity
scale and the estimate of the position of the BAO peak, ρ = CRHRBAO/
√
σRHσRBAO , where
C denotes the covariance of the two scales and σ denotes the standard deviation of each scale.
To study the correlation, we estimated the two standard rulers in 1000 QPM mock
catalogues. We measured the correlation between the Homogeneity scale and the position
of the BAO peak both determined via the methods as described above. We found only a
small correlation between the two scales, for example, in the redshift bin 0.538 ≤ z < 0.592,
ρ ' −0.19, as shown in Fig. 1. We find similar results in the rest of the redshift bins.
Explicitly, we find that |ρ| < 0.3, for all redshift bins.
4We also used a polynomial fit to estimate this scale over the ranges, r = [10, 1300]h−1Mpc, and we found
no significant disagreement.
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Figure 1. Contour plot with 1σ (2σ) in dark blue (light blue) for the Homogeneity scale versus the
position of the BAO peak for the 0.538 ≤ z < 0.592, using 1000 mock catalogues. There is negligible
correlation between the two scales, |ρ| < 0.20. The number on the top right up corner of the panels
correspond to mean and the standard deviation value of the observables.
The Homogeneity scale and the position of the BAO peak both have units of h−1Mpc
and are of a similar magnitude but the fact that the correlation coefficient between the two is
|ρ| < 0.3 means that they are fairly independent of one another. Therefore, we can investigate
the use of the homogeneity scale as an independent standard ruler.
4 Cosmology with RH
We implement two techniques to assess the performance of RH and RBAO as standard rulers
to constrain cosmological parameters. We proceed with the two following steps. First, we
perform a Fisher analysis to investigate the sensitivity of RH and RBAO to cosmological
parameters (Albrecht et al. [38]). However, this is a Gaussian approximation of estimating
the errors. Therefore, in the second step, we perform a Monte Carlo Markov Chain (MCMC)
analysis to investigate the performance of the two probes as standard rulers in mock galaxy
catalogues.
4.1 Fisher analysis
The Fisher matrix is defined by the derivatives of an observable at different redshifts, O(z),
as a function of the parameters, pi, that this observable depends upon (Albrecht et al. [38]).
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This is defined as:
Fij =
∑
z
1
σ2O(z)
∂O(z)
∂pi
∂O(z)
∂pj
(4.1)
where σO(z) is the error on the observable at each redshift. For simplicity, we have assumed
the same precision of each observables in all redshift bins. A simple extension to the ΛCDM-
model, as discussed in section 1, is one with a varying Dark Energy density, i.e. the wCDM-
model. Therefore, we look at the following parameters:
pwCDM =
{
h, ns, ωb, ωcdm, ns, ln 10
10As,ΩΛ,w
}
(4.2)
and compare the amount of information on them gained by using the standard rulers, RH
and RBAO. From observations we have a linear dependence on the cosmic linear bias, b. This
parameter is degenerate with the As parameter via b2As, therefore we do not consider it here.
However, in section 4.2, we take bias into account.
We find that the Homogeneity scale improves cosmological constraints, when used in
combination with the CMB (Planck Collaboration et al. [39]). These constraints are compa-
rable to those of the position of the BAO peak combined with the CMB. The constraints on
As, ΩΛ, w, h are significantly improved, while the contribution to ωcdm, ωb and ns is negligible
for both probes5. As we present in table 2, for ΩΛ, RBAO provides better constraints than
RH . When we look at w, RH provides comparable constraints to RBAO.
68% CMB +RH +RBAO
σΩΛ 0.06 0.04 0.03
σw 0.30 0.20 0.20
Table 2. Precision of 1σ (68% C.L.) of the ΩΛ −w plane from the Fisher analysis, for the different
probes, the CMB, and the combination of CMB with the homogeneity scale, RH , or the position of
the BAO peak, RBAO. [see text for details]
The homogeneity scale is sensitive to ΩΛ and h since an accelerating expansion damps
the growth of structures, rapidly decreasing the homogeneity scale. However, the expansion
rate and the acceleration are two correlated phenomena. Therefore, we can constrain only
one of them. In our case we choose ΩΛ. These results show that given the improvement on
ΩΛ, the homogeneity scale can be used to explore external models such as non-flat universes
or universes with variable Dark Energy equation of state. The Fisher analysis also suggests
that the constraints from the homogeneity scale and the position of the BAO peak are not
orthogonal and so the combination of RH and RBAO does not provide significantly improved
constraints relative to RBAO alone.
4.2 MCMC analysis
From the Fisher analysis we learnt that the homogeneity scale is sensitive to ΩΛ providing
negligible constraints on the other parameters of the model. Therefore, in this section, we
implement an MCMC analysis to determine the constraints provided by the homogeneity
scale in the cosmological parameter space pC = (ΩΛ,Ωm). This is the open-ΛCDM model.
5See Fig 1 of Ntelis and Ealet [40] proceedings.
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The χ2 that we explore with an MCMC algorithm6 is given by:
χ2(A,B, pC) =
5∑
z=1
(
RGH(z; pF )−RM,thH (z; pF )× bRH (z;A,B)× α(z; pC , pF )
σRGH (z)
)2
(4.3)
where pF are the cosmological parameters fixed to their fiducial values; RGH(z; pF ) is the homo-
geneity scale of the galaxy distribution as a function of redshift as measured in the fiducial cos-
mology; σRGH (z) is the error on R
G
H(z; pF ); RM,thH (z; pM ) is the prediction of the homogeneity
scale of the matter distribution as a function of redshift; α(z; pC , pF ) = dV (z; pC)/dV (z; pF ) is
the ratio of the volume distance in a given cosmology to the fiducial value. The homogeneity
scale of the galaxy distribution is biased with respect to the homogeneity scale of the total
matter distribution. To account for this bias, we use a linear bias model, originally designed
for the two point correlation function (Basilakos et al. [41]), adapted to fit the homogeneity
scale:
bRH (z;A,B) = A
(
1 + z
1 + zeff
)B
, (4.4)
where zeff is the value of the intermediate redshift bin (where our estimate of A is the most
accurate). The factor (1 + zeff ) is included to reduce the degeneracy between A and B
parameters7.
We estimated the homogeneity scale on the mock galaxy catalogues, as described in
section 2. We measured the mean and standard deviation of these values. We then performed
an MCMC using the mean of the mocks as our data and the standard deviation as our error.
First we fixed the cosmological parameters to their fiducial values to find the best fitting
values of the bias parameters in our cosmology, i.e. that of the mock galaxy catalogue. We
find (A,B) = (1.975 ± 0.052, 0.999 ± 0.597). The A parameter is close to the normal linear
galaxy bias.
We then freed our cosmological parameters and ran the MCMC with the addition
of Gaussian priors on A and B centred on our previous estimates, and priors from the
CMB+Lensing (Planck Collaboration et al. [39])8. We assessed the ability of priors of dif-
ferent widths (on A and B) to recover our fiducial cosmology in order to infer the precision
to which our bias parameters must be known. We found that in order to improve upon the
constraints from the CMB+Lensing alone the required precision is less than 2%. We then
performed an MCMC analysis by applying a 1% prior to our bias parameters. The precision
and accuracy considered for this bias parametrisation is not obtainable from current obser-
vations. However, it will be obtainable from future surveys such as Euclid (Amendola et al.
[42]). In Fig. 2, we show the marginalised contours of the (Ωm,ΩΛ) plane for RH alone (with
1% precision on the bias parameters A and B) (black), CMB+Lensing (blue), the combina-
tion of RH+CMB+Lensing (red). The green star denotes the values of the fiducial cosmology
used to generate the mock galaxy catalogues. The addition of information from RH improves
constraints relative to the CMB+Lensing alone by a factor of 0.56 for Ωm and 0.56 for ΩΛ.
We find, the mean of the marginalised likelihood of ΩRH+CMB+Lensingm = 0.318 ± 0.054 and
ΩRH+CMB+LensingΛ = 0.688 ± 0.042 . When we compare Fig. 2 with, for example, Bautista
et al. [43], we see that the orientation of the constraints provided by RH is comparable to the
6We use the publicly available code, pymc https://pymc-devs.github.io/pymc/.
7Notice that this is a new way of parametrising the linear galaxy bias.
8We extract graphically the (Ωm,ΩΛ)-information from Fig. 26 page 38 of (Planck Collaboration et al.
[39])
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Figure 2. Contours of 68% (dark) and 95% (light) of the (Ωm,ΩΛ) plane using RH (black),
CMB+Lensing (blue), RH+CMB+Lensing. The green star denotes the values of the fiducial cos-
mology of the mock galaxy catalogues. The diagonal panels show the normalised likelihood and the
mean and the standard deviation of each parameter colour-coded for each probe. The precision on
bias parameters is 1%. [see text for details].
orientation of those obtained using BAO measurements, using galaxies. However, considering
the fisher analysis, described in section 4.1, constraints obtained from the two standard rulers
are not orthogonal to one another, limiting their use in combination.
This demonstrates that RH can be used as a standard ruler to recover the input cos-
mology. Thus, RH can be used as a standard ruler to constrain cosmological parameters. In
particular, it can be used to improve the measurement of the (Ωm,ΩΛ) plane9.
5 Conclusion and Discussion
We have demonstrated that the characteristic scale of transition to cosmic homogeneity, RH
can potentially be used as a standard ruler to probe cosmology with large scale structure
surveys.
We have compared the precision of cosmological parameters obtained using RH with
those obtained with the position of the BAO peak, RBAO, using mock galaxy catalogues. We
have found that there is only a small correlation between the two probes, |ρ| < 0.30, making
the homogeneity scale a complementary cosmological probe.
In order to quantify the additional information contained in the homogeneity scale, we
have performed a simple Fisher analysis with a set of cosmological parameters of the flat
wCDM model. We have found that the homogeneity scale gives comparable information to
that of the position of the BAO peak for this set of cosmological parameters. In particular,
9Our analysis is available under GNU licence https://github.com/lontelis/CoHo.
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the homogeneity scale is sensitive to the dimensionless Hubble constant, h, the amplitude of
the primordial fluctuations, As, the Dark energy density ratio, ΩΛ, and the equation of state,
w. This shows the implicit dependence of the homogeneity scale on the shape of the transfer
function. However, constraints obtained from the two standard rulers are not orthogonal to
one another, limiting their use in combination.
Using an MCMC algorithm, and applying a 1% prior to our bias parameters, we ex-
plored the open ΛCDM model on the mean of the mock galaxy catalogues. We found
ΩRH+CMB+Lensingm = 0.318 ± 0.054 and ΩRH+CMB+LensingΛ = 0.688 ± 0.042, consistent with
the input flat ΛCDM-model cosmology of the mock galaxy catalogues. The inclusion of RH
improves CMB+Lensing constraints by a factor of 0.56 for the total matter density ratio
and by a factor of 0.56 for Dark Energy density ratio constraints. These results show the
sensitivity of our probe to cosmic bias.
In summary, we have shown the dependence of the homogeneity scale to the matter power
spectrum showing the parameter dependence. In a future study, we are going to investigate
the observational selection effects dependence of our probe[44]. Therefore, we have revealed
the complementarity of the homogeneity scale with respect to other cosmological probes.
Finally, we stress that this analysis can be performed and improved upon in the light
of more observational data from current and future experiments such as SDSS-IV (eBOSS)
(Dawson et al. [45]), Euclid (Amendola et al. [46]), LSST (LSST Science Collaboration et al.
[47]) and DESI (Aghamousa et al. [48]). Furthermore, analogous methods could be applied
to data from SKA (Dewdney et al. [49]). We relegate this analysis to future work.
Note added: A recent paper (Gonçalves et al. [24]) appeared simultaneously with this
work. They measured the homogeneity scale in the eBOSS DR14 QSO sample with a similar
methodology to the one presented here, but at a higher redshift, 0.80 < z < 2.24. They
acquired a similar precision to our measurement on mocks, but on real data. Therefore, we
can apply our analysis, the homogeneity scale as a standard ruler, to their measurement. On
the other hand, another recent paper (Gaite [50]), appeared simultaneously with this work.
They measured several quantities related to the fractal dimension in a galaxy catalogue of
SDSS-DR7 at lower redshifts z < 0.5. They find values that do not agree with the homogeneity
scale found and used in this work. Thus, we do not expect that our method will give reliable
results to this chosen galaxy catalogue. However, several updates on the construction of the
galaxy catalogue in their redshift bin have been made since then (Reid et al. [32]).
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Appendices
A Cosmography
From z,R.A.,Dec we need to infer distances. Therefore we reconstruct the z information
according to standard cosmology and then we make our measurements in comoving space. In
standard cosmology, we define the following distances.
The comoving distance:
dC(z) = c
∫ z
0
dz′
H(z′)
, (A.1)
where c is the speed of light and
H(z) = H0
√
(Ωcdm + Ωb)(1 + z)3 + ΩΛ + Ωk(1 + z)2 ,
is the usual Hubble expansion rate.
We define the volume distance:
dV (z) =
[
czH−1(z)d2M (z)
]1/3
, (A.2)
where dM is the motion distance:
dM (z) =

dH√
Ωk
sinh
(√
Ωk
dC(z)
dH
)
, Ωk > 0
dC(z) , Ωk = 0
dH√
Ωk
sin
(√
Ωk
dC(z)
dH
)
, Ωk < 0
 , (A.3)
where dC is given by Eq. A.1 and dH = c/H0.
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B Determination of the position of BAO peak
We used two methods to determine the position of the BAO peak. For the first method, we
model the 2-point correlation function in such a way that the result is only driven by the
position of the BAO peak (Anderson et al. [37]). We then apply a broadband model. This
model can be described by the following formula:
bb(r) = p1 +
p2
r
+
p3
r3
(B.1)
where (p1, p2, p3) are the broadband parameters.
We model the measurement of the position of the BAO peak using the usual Gaussian
model (Sánchez et al. [51]), described by:
ξ(1)(r) = A exp
[
−1
2
(
r −RBAO
σpeak
)2]
+ bb(r) (B.2)
where RBAO is the position of the BAO peak parameter, A and σpeak are the amplitude and
the smoothing scale of a Gaussian function, respectively.
In order to determine the position of the BAO peak, we measure the parameter RBAO
by marginalising over the rest of the parameters. We marginalise the nuisance parameters,
(A, σpeak, pbb).
For the second method, we follow the same steps but now we use the usual correlation
function with the fiducial cosmology as a template, ξ(r; pF ), instead the Gaussian model. We
model the correlation function as:
ξ(2)(r) = b2ξ(αiso ∗ r; pF ) + bb(r; pbb) (B.3)
where we model the isotropic dilatation parameter as:
αiso = rs/r
fid
s . (B.4)
Note that now RBAO = rs. In this case the nuisance parameters are (b, pbb). The two
methods, explained above, provide similar conclusions.
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